Spectroscopy of atoms in the crossed external electric and magnetic fields is investigated on the basis of the operator perturbation theory. As a novel element within the operator perturbation theory, we use more flexible functions for model function, which imitates an electric field. In a case of the crossed electric and magnetic fields we develop more effective finite differences numerical scheme. As illustration, some advanced data for the hydrogen atom in the electric and crossed external electric and magnetic fields are listed. Advanced data for hydrogen atom are listed.
Introduction
From the standard quantum mechanics it is well known that the external electric field shifts and broadens the bound state atomic levels. One should note that the usual quantum-mechanical approach relates complex eigen-energies (EE) E=E r +0,5iG and complex eigen-functions (EF) to the shape resonances [1] [2] [3] [4] [5] [6] . The calculation difficulties in the standard quantum mechanical approach are well known and described in many Refs. Let us remind that the usual quasiclassical WKB approximation overcomes these difficulties for the states, lying far from "new continuum " boundary and, as rule, is applied in the case of a relatively weak electric field. The same is regarding the widespread asymptotic phase method (c.f. [2] ). Quite another calculation procedures are used in the Borel summation of the divergent perturbation theory (PT) series and in the numerical solution of the difference equations following from expansion of the wave function over finite basis [2, 3, 9, 10] . Experimental observation of the Stark effect in a constant (DC) electric field near threshold in hydrogen and alkali atoms led to the discovery of resonances extending into the ionization continuum (c.f. [1] ). Calculation of the characteristics of these resonances as well as the Stark resonances in the strong electric field and crossed electric and magnetic fields remains very important problem of as modern atomic physics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . In this paper we go on our studying of sspectroscopy of atoms in the crossed external electric and magnetic fields. Our method of studying is based on the known formalism of the operator perturbation theory (OPT) [1] [2] [3] . According to [1] [2] [3] [4] [5] , the essence of operator perturbation theory approach is the inclusion of the well known method of "distorted waves approximation" in the frame of the formally exact perturbation theory. As a novel element within the operator perturbation theory, we use more flexible functions for model function, which imitates an electric field. In a case of the crossed electric and magnetic fields we develop more effective finite differences numerical scheme. As illustration, some advanced data for the hydrogen atom in the electric and crossed external electric and magnetic fields are listed.
Method of operator perturbation theory
As our approach to strong field DC Stark effect was presented in a series of papers (see, for example, [1] [2] [3] [4] [5] [6] ), here we are limited only by the key aspects. According to [2, 3] , the Schrödinger equation for the electronic eigen-function taking into account the uniform DC electric field (the field strength is F)and the field of the nucleus (Coulomb units are used: a unit is h 2 /Ze 2 m and a unit of mZ 2 e 4 /h 2 for energy) looks like:
where E is the electronic energy, Z -charge of nucleus, N -the number of electrons in atomic core. Our approach allow to use more adequate forms for the core potential (c.f. [25] [26] [27] ). According to standard quantum defect theory (c.f. [3] ), relation between quantum defect value μ l , electron energy E and principal quantum number n is: μ l =n-z * (-2E) -1/2 . As it is known, in an electric field all the electron states can be classified due to quantum numbers: n, n 1 , n 2 ,m (principal, parabolic, azimuthal: n=n 1 + n 2 +m+1). Then the quantum defect in the parabolic co-ordinates δ(n 1 n 2 m) is connected with the quantum defect value of the free (F=0) atom by the following relation [3] :
After separation of variables, equation (1) in parabolic co-ordinates could be transformed to the system of two equations for the functions f and g:
coupled through the constraint on the separation constants: β 1 +β 2 =1.
For the uniform electric field F(t) =F. In ref.
[11], the uniform electric field ε in (3) and (4) was substituted by model function F(t) with parameter t ( t = 1.5 t 2 ) . To simplify the calculation procedure, the uniform electric field e in (3) and (4) should be substituted by the function [57, 58] : (4) th sufficiently large τ (τ=1.5t 2 ). The function ( ) t e practically coincides with the constant e in the inner barrier motion region (t<t 2 ) and disappears at t>>t 2 . Potential energy in equation (4) has the barrier. Two turning points for the classical motion along the η axis, t 1 and t 2 , at a given energy E are the solutions of the quadratic equation (β = β 1, E = E 0 ). According to [1] [2] [3] , one should know two zeroth order EF of the H 0 : bound state function Y Eb (e, n, j) and scattering state function Y Es (e, h, j) with the same EE in order to calculate the width G of the concrete quasi-stationary state in the lowest PT order. Firstly, one would have to define the EE of the expected bound state. It is the well known problem of states quantification in the case of the penetrable barrier. Further one should solve the system (2, 3) system with the total Hamiltonian H using the conditions [11]: with These two conditions quantify the bounding energy E, with separation constant b 1 . The further procedure for this two-dimensional eigenvalue problem results in solving of the system of the ordinary differential equations(2, 3) with probe pairs of E, b 1 . The bound state EE, eigenvalue b 1 and EF for the zero order Hamiltonian H 0 coincide with those for the total Hamiltonian H at e ⇒ 0, where all the states can be classified due to quantum numbers: n, n 1 , l , m (principal, parabolic, azimuthal) that are connected with E, b 1 , m by the well known expressions.. The scattering states' functions must be orthogonal to the above defined bound state functions and to each other. According to the OPT ideology [11, 12] , the following form of g E ′ s :is possible:
with f E′s , and g 1 (t) satisfying the differential equations (2) and (3). The function g 2 (t) satisfies the non-homogeneous differential equation, which differs from (3) only by the right hand term, disappearing at t ⇒ ∞. ,9,10]. ark effect in threshold in e discovery ionization n of the as well as lectric field etic fields f as modern tudying of sed external by the key aspects. According to [2, 3] , the Schrödinger equation for the electronic eigenfunction taking into account the uniform DC electric field (the field strength is F)and the field of the nucleus (Coulomb units are used: a unit is h 2 /Ze 2 m and a unit of mZ 2 e 4 /h 2 for energy) looks like:
where E is the electronic energy, Z -charge of nucleus, N -the number of electrons in atomic core. Our approach allow to use more adequate forms for the core potential (c.f. [25] [26] [27] ). According to standard quantum defect theory (c.f. [3] ), relation between quantum defect value  l , electron energy E and principal quantum number n is:
As it is known, in an electric field all the electron states can be classified due to quantum numbers: n, n 1 , n 2 ,m (principal, parabolic, azimuthal: n=n 1 + n 2 +m+1). Then the quantum defect in the parabolic coordinates (n 1 n 2 m) is connected with the quantum defect value of the free (F=0) atom by the following relation [3] :
coupled through the constraint on the separation constants:
[11], the uniform electric field  in (3) and (4) was substituted by model function F(t) with parameter  (  = 1.5 t 2 ) . To simplify the calculation procedure, the uniform electric field  in (3) and (4) should be substituted by the function [57, 58] :
th sufficiently large  (=1.5t 2 ). The function   
These two conditions quantify the bounding energy E, with separation constant  1 . The further procedure for this two-dimensional eigenvalue problem results in solving of the system of the ordinary differential equations(2, 3) with probe pairs of E,  1 . The bound state EE, eigenvalue  1 and EF for the zero order Hamiltonian H 0 coincide with those for the total Hamiltonian H at   , where all the states can be classified due to quantum numbers: n, n 1 , l , m (principal, parabolic, azimuthal) that are connected with E,  1 , m by the well known expressions.. The scattering states' functions must be orthogonal to the above defined bound state functions and to each other. According to the OPT ideology [11, 12] , the following form of g Es :is possible:
with f Es , and g 1 (t) satisfying the differential equations (2) and (3). The function g 2 (t) satisfies the non-homogeneous differential equation, which differs from (3) only by the right hand term, disappearing at t . In Ref, [7] it has been presented approach, based on solution of the 2-dimensional adequate forms for the core potential (c.f. [25] [26] [27] ). According to standard quantum defect theory (c.f. [3] ), relation between quantum defect value  l , electron energy E and principal quantum number n is:
[11], the uniform electric field  in (3) and (4) was substituted by model function F(t) with parameter  (  = 1.5 t 2 ) . To simplify the calculation procedure, the uniform electric field  in (3) and (4) should be substituted by the function [57, 58] : 
with f Es , and g 1 (t) satisfying the differential equations (2) and (3). The function g 2 (t) satisfies the non-homogeneous differential equation, which differs from (3) only by the right hand term, disappearing at t . In Ref, [7] it has been presented approach, based on solution of the 2-dimensional Schrödinger equation for an atomic system in adequate forms for the core potential (c.f. [25] [26] [27] ). According to standard quantum defect theory (c.f. [3] ), relation between quantum defect value  l , electron energy E and principal quantum number n is:
th sufficiently large  (=1.5t 2 ). The function   t  practically coincides with the constant  in the inner barrier motion region (t<t 2 ) and disappears at t>>t 2 .
Potential energy in equation (4) has the barrier. Two turning solutions of the quadratic equation ( =  1, E = E 0 ). According to [1] [2] [3] , one should know two zeroth order EF of the H 0 : bound state function  Eb (  ) and scattering state function  Es (  ) with the same EE in order to calculate the width G of the concrete quasi-stationary state in the lowest PT order. Firstly, one would have to define the EE of the expected bound state. It is the well known problem of states quantification in the case of the penetrable barrier. Further one should solve the system (2, 3) system with the total Hamiltonian H using the conditions [11]:
with f Es , and g 1 (t) satisfying the differential equations (2) and (3). The function g 2 (t) satisfies the non-homogeneous differential equation, which differs from (3) only by the right hand term, disappearing at t . In Ref, [7] it has been presented approach, based on solution of the 2-dimensional Schrödinger equation for an atomic system in crossed fields and operator perturbation theory. For definiteness, we consider a adequate forms for the core potential (c.f. [25] [26] [27] ). According to standard quantum defect theory (c.f. [3] ), relation between quantum defect value  l , electron energy E and principal quantum number n is:
th sufficiently large  (=1.5t 2 ). The function   t  practically coincides with the constant  in the inner barrier motion region (t<t 2 ) and disappears at t>>t 2 . Potential energy in equation (4) has the barrier. Two turning solutions of the quadratic equation ( =  1, E = E 0 ). According to [1] [2] [3] , one should know two zeroth order EF of the H 0 : bound state function  Eb (  ) and scattering state function  Es (  ) with the same EE in order to calculate the width G of the concrete quasi-stationary state in the lowest PT order. Firstly, one would have to define the EE of the expected bound state. It is the well known problem of states quantification in the case of the penetrable barrier. Further one should solve the system (2, 3) system with the total Hamiltonian H using the conditions [11]:
J=(n-1)/2, M=(n 1 -n 2 +m)/2;
[11], the uniform electric field  in (3) and (4) was substituted by model function F(t) with parameter  (  = 1.5 t 2 ) . To simplify the calculation procedure, the uniform electric field  in (3) and (4) should be substituted by the function [57, 58] : E = E 0 ). According to [1] [2] [3] , one should know two zeroth order EF of the H 0 : bound state function  Eb (  ) and scattering state function  Es (  ) with the same EE in order to calculate the width G of the concrete quasi-stationary state in the lowest PT order. Firstly, one would have to define the EE of the expected bound state. It is the well known problem of states quantification in the case of the penetrable barrier. Further one should solve the system (2, 3) system with the total Hamiltonian H using the conditions [11]:
Potential energy in equation (4) has the barrier. Two turning points for the classical motion along the  solutions of the quadratic equation ( =  1, E = E 0 ). According to [1] [2] [3] , one should know two zeroth order EF of the H 0 : bound state function  Eb (  ) and scattering state function  Es (  ) with the same EE in order to calculate the width G of the concrete quasi-stationary state in the lowest PT order. Firstly, one would have to define the EE of the expected bound state. It is the well known problem of states quantification in the case of the penetrable barrier. Further one should solve the system (2, 3) system with the total Hamiltonian H using the conditions [11]:
with f Es , and g 1 (t) satisfying the differential equations (2) and (3). The function g 2 (t) satisfies the non-homogeneous differential equation, which differs from (3) only by the right hand term, disappearing at t . In Ref, [7] it has been presented approach, based on solution of the 2-dimensional Schrödinger equation for an atomic system in crossed fields and operator perturbation theory. For definiteness, we consider a dynamics of the complex non-coulomb atomic
In Ref, [7] it has been presented approach, based on solution of the 2-dimensional Schrödinger equation for an atomic system in crossed fields and operator perturbation theory. For definiteness, we consider a dynamics of the complex non-coulomb atomic systems in a static magnetic and electric fields. The hamiltonian of the multi-electron atom in a static magnetic and electric fields is (in atomic units) as follows: (7) we constructed the finite differences scheme which is in some aspects similar to method [7] . . The more exact estimate is found empirically. The finite-difference scheme is constructed as follows. The three-point symmetric differences scheme is used for second derivative on z. The derivatives on ρ are approximated by (2m+1)-point symmetric differences scheme with the use of the Lagrange interpolation formula differentiation. To calculate the values of the width G for resonances in atomic spectra in an electric field and crossed electric and magnetic field one can use the modified operator perturbation theory method (see details in ref. [10, 20] ). Note that the imaginary part of the state energy in the lowest PT order is:
with the total Hamiltonian of system in an electric and magnetic field. The state functions Y Eb and Y Es are assumed to be normalized to unity and by the d(k -k')-condition, accordingly. Other calculation details can be found in ref. [7] . Different application are considered in Refs. .
Illustration results and conclusion
As an illustration,, we make computing the energy of the ground state of the hydrogen atom in crossed fields and compare results with data obtained within analytical perturbation theory by TurbinerV (see. [8] ) for the case of sufficiently weak fields. Table 1 shows the values of the energy of the ground state of the hydrogen atom (the following designations: E+E || -energy for the case of the electric and magnetic fields are parallel; E+E corresponds to the case of the electric and magnetic fields are perpendicular). 
where the electric field F and magnetic field B are taken along the z-axis in a cylindrical system; In atomic units: 1 a.u.B=2.3510
5 T, 1a.u.F=5,14410
6 kV/cm. For solution of the Schrödinger equation with hamiltonian equations (7) we constructed the finite differences scheme which is in some aspects similar to method [7] . An infinite region is exchanged by a rectangular region: . The more exact estimate is found empirically. The finite-difference scheme is constructed as follows. The three-point symmetric differences scheme is used for second derivative on z. The derivatives on  are approximated by (2m+1)-point symmetric differences scheme with the use of the Lagrange interpolation formula differentiation. To calculate the values of the width G for resonances in atomic spectra in an electric field and crossed electric and magnetic field one can use the modified operator perturbation theory method (see details in ref. [10, 20] ). Note that the imaginary part of the state energy in the lowest PT order is:
with the total Hamiltonian of system in an electric and magnetic field. The state functions  Eb and  Es are assumed to be normalized to unity and by the (k -k')-condition, accordingly. Other calculation details can be found in ref. [7] . Different application are considered in Refs. .
As an illustration,, we make computing the energy of the ground state of the hydrogen atom in crossed fields and compare results with data obtained within analytical perturbation theory by TurbinerV (see. [8] ) for the case of sufficiently weak fields. Table 1 shows the values of the energy of the ground state of the hydrogen atom (the following designations: E+E || -energy for the case of the electric and magnetic fields are parallel; E+E  corresponds to the case of the electric and magnetic fields are perpendicular). Since the considered electric field is sufficiently weak, difference between all data electric field and crossed electric and magnetic field one can use the modified operator perturbation theory method (see details in ref. [10, 20] ). Note that the imaginary part of the state energy in the lowest PT order is:
with the total Hamiltonian of system in an electric and magnetic field. The state functions  Eb and  Es are assumed to be normalized to unity and by the (k -k')-condition,
Since the c sufficiently we ₸ Since the considered electric field is sufficiently weak, difference between all data in Table  1 is quite little. At the same time it is clear that the perturbation theory in the standard quantummechanical version is correct exclusively for the weak fields, while for strong fields it can lead to substantially inaccurate data. Really, in Table 2 we list the results for the Stark resonances energies and widths of the ground state hydrogen atom in the DC electric field with the strength ε=0.1 and 0.8 a.u., obtained within the most exact alternative methods and our data (see [2] ). The comparison of our data ( Table 2 : F) with earlier similar results, obtained within the summation of divergent PT series, the numerical solution with expansion of the wave function over finite basis, a complex scaling plus B-spline calculation, the standard OPT one (Table 2: A-E) shows quite acceptable agreement. We believe that the OPT method with new elements will be especially efficient for atoms in the strong crossed electric and magnetic fields, where the standard methods (usual perturbation theory etc) deal with great principal and computational problems).
